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ABSTRACT
• \he coherence between two points of the received acoustic wave-

form after reflection from a tine varyi ng random surface is evaluated for the
far field case. A Neumann-Pierson spectrum and an isotropic sea is
considered . For the low roughness case , the coherence is computed for
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the cohere nt region is on the order of the pat tern resulting from the
insonified surface area~~
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INT RODUCT ION

A very important problem in underwater sound detection is the com-
putation of array gain . The earliest calculation of array gain assumed
that the signal was perfectl y coherent and that the noise between re-
ceivers was perfectly incoherent. Thus , the signal added as N2 and the
noise as N , where N is the number of elements in the array . The array
gain is 10 log N for this idealized situa t ion. Later work assumed tha t
the noise was isotropic, that is the same in all directions. For this
case, the noise was incoherent at half wave length spacing and almost
incoherent when spacing between elements is greater than 2 wavelengths.
This model was later extended to the case of directional. noise which
showed that the array gain was very dependent on steering direction.

In comparison with the noise models, relatively little work has
been done on signal coh!rence. A notable exception to this is the ex-
cellent work by Parkins • In this memorandum a generalization and
correction of the work by Perkins on small roughness is made. In ad-
dition, plots of coherence are provided. The purpose of this memoran-
dum is to provide a model and computations for some typical cases , for
the coherence of a signal reflected from the ocean surface.

REftEC~ED PRESSURE

We will consider a single frequency waveform , exp (i2 sft) insoni—
fying a finite area of ocean surface. The reflected pressurd in the
far field is

~~~~ 
-~j exp~~C~~~~ —.4t~)J

-1
ffd%~ dj ~. ~ (X ..1 ~~)eic p[t .4 (Q.~X~ 

.
~- 4~~ ~ c~ .J~ CX~.J ~/H .

An equation similar to equation #1 was utilized by Eckart2. A di.—
cussion of equation #1 and the corresponding assumptions involved for
the rough surface case are given by Nuttall and Cron3. In equation
#1, P~ (t) is the reflected complex pressure at the jth point at time
t. B ii a geometric factor , ~ is the acoustic wavelength, L~ is the
distance from surface origin to the ith point , k is th. wave n~~~er,

2
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A
P (x~ ,y~) is the insonified pressure on the surface at Xj , 7j  *j .

and c1 are the sum of the direction cosines of the incident and
reflected pressures for the x, y and z directions, respectively.
3 (zj, y~, ~

) is the surface height at the point xj, y~ 
at time t.

The inciaent mathematical signal, exp (i2wft ) , has poaltive’;frequen—
d e s  only. This signal is modulated by the time varying ocean sur-
face . Since this t ime variation is slow in comparison to the varia-
tion of exp (i2ift), then Pi(t) is narrow band. This Pi(t) contains
only positive frequencies. Pi(t) is an analytic signal. The real
pert of P1(t) is the actual pressur e and the imaginary part of P~ (t)
is the Hu bert tra nsform of the real part.

MUTUAL MD COMPLEX DEGREE OP COHERENCE

We now consider two points of the pressure field. (See ~igure 1)

Fig. 1

The mutual coherence function / 7 (r) , as defined by Born and Wolf4 
is

7~ (’i~)

Where * is the complex conjugate operato r
‘ ) is the ensemble average - -

‘p— i. the time delay between points 1 and 2

The complex degrss of cohere nce is defined as

77~(i) ~
[ 77(o) ?~j o)
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, -~~
- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

~~~~~~~ -
—

.
-~—-~ —- - - -  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~



— 
~~

-
~1

U

Tech Memo
No. TA 11—46 71

- By the use of Schwartz ’s inequality, it can be shown that

C) 1
The upper limit corresponds to a perfect coherence of the pressures at
points 1 and 2 , whereas the lower limit signifies perfect incoherence
between the points at 1 and 2, In signal processing tep%inology , 1 ’)

is called the complex c;orrelation of 
~4~

) and • It can
be shown that

77~ fr) ~z E R~Ci~) + £ 1? (1’-)] -
~~~ ‘/

where 1~~(i’~) ~ e(~&~~))1~e (&~~6~~~ ))>

and

Where Re and In signify the real and imaginary parts , respectively.
Thus , from equation 4 , the correlation of two signals at points 1
and 2 may be obtained , since

- .  ‘F?,t (7~-) ~~~~ 

1?e .

MUTUAL COHERENCE FUNCI’ ION FOR A TIME VARYING SURFACE

Prom equation #1 and referring to Fig. 1,

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 13YA&/?,~ - .

• f iZc dx, d 
~~~~
, dX ,.d~L ,~€(z,, sf,) ,4(r ., b’t)

In order to keep the symbols to a minimum, we will setl~~ 0 , and

~c-
We n~~ take the ensemble average of 4, (/) ,4L’~~~)) 

and we will drop
th et s .  Then

4

-. S -  ~— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~— — ~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~ 
_~ ._1~~~_ 

~~~~~~ ~~. _________ __________



~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

Tech Memo
00 No. TA 11-46-71

.ex,o(~ .4(ct ,r , ~~~~~~~~~~~~~~ ~~~ <‘exp[ ~h (c,~~
_ c2J .)J>

We !ill assume that the surface height is Gaussian distributed. Kins-
man cites experimental data showing that the surface height is very
close to a Gaussian distribution. -

Li 4 (c, 3 _CJ~)J) ~Jj ~r eIr~ eg,~~ 4~(c, ~~~~~~~~~~~~~~
and for a joint Gaussian ,L (i~, ç~) this becomes

<
‘eXp EL P e(Ca T._ C~.T~) 3>  -= ex~E_ 17

H where
c~~ ~~~~~~~~~~~~~~~~~

substituting 7 into00equation 6, we obtain

~~~~~~~~~~ k 71 d;d~i, c/XdyL 
‘(x~~~) /c~ ,4y~)

expEc.4 (~~‘ ~~~~~ 
- q.~ ~~~~~ + 

~~~
, - j~. ~‘j] 

ex,oL~ I c1 e eQ~¼1~ cLe:J

SMALL ROUGHNESS CASE

In this section, we consider the small acoustic roughness case.
For this case we can expand the term expC ~~‘C CLeJ in equation #8
as

€,cp I~~~CLC, C~t?7 ~~ l+4’C’Cg Cc, e’
Since , this expansion is sufficiently accurate if ~~~~~~~ 4
~
‘4 I . Substituting equation 09 into equation #8, the first term of

equation #9 results in a coherent co.ponint and th. second term re—
suits in an incoherent component.

The first term called the cohsrsnt component is

—-n——— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —-- -— - ~~ - ,—
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€xp {L~~~(~~~~~~~~~~~~~1& ~~~~~~ —

The incoherent term is -

~~~ 
-~~ K ex p[ ~~~c) ÷ c~) 7 ~ “I

•ii
r7i~~ ~~~~~~~~~~~~ ~g, (~(,, ~

,) ,, ~
) e~ ~~~~~~~~ 

- 
~~~~ 

~~
‘

The coherent component in equation #10 can be integrated for some values
of J.~C)c ,~ ). In this study , it will be integrated for Gaussian insoni—
fication . The incoherent component is more difficult.

Let us now consider equation #11. We will assume that the proper—
— ties of the surface depend only on the difference of the coordinates.

Let 
-

V~~ ~J 1~~~~t

then 
~ ~1&~~~~~j  ~( exp(- c,’~ c~)3 ~4 ~C’

~C C~ c ’cci~ ~~~~ a)

. 

~~~~~~~~~ 
(z~~u)- Q-z X , + ~~~~~&t- v ) —

Let

Ic ~~~~~ 
4 ’ c~~~c~ )JJ C~c~ c~ ~~ ~~~~ 

o)
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We now assume that the effective extents on the surface of the incident
illumination are much larger than the distances at which the sur-
face heights are statistically dependent on each other. That is, the -

correlation distance is much less than the insonification distance.
Using this fact, we may approximate equation #12 by

k exp ) -  4L6~~~;L~~c~.) J

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ +(~~t~L)vJJ

!~~
<
~~~ ~~~~~~~~~~~~~~~~ +

Equation -#13 is a generalization and correction of Parkin ’s work .
Equation #13 is symmetric with respect to points 1 and 2 , whereas
Parkin ’s results are non—symmetric. For the case of Gaussian insonif i—
cation, Parkin’s equations result in incorrect coherence values.

Thus for the incoherent component , a four fold integral has been
approximated by the produc t of two double integrals. Equations #10
and #13 are the general equations for the coherent and incoherent
Components.

I

GAUSSIAN INSONIFICATI ON AND NEUMANN-PIERSON SPECTRUM

We will now obtain the equation s for the special cases of Gaussian
surface insonificat ion and a Neumann—Pierson heigh t spectru m. Let the
surface Gaussian insonification be

H 
~~~~~~~~~~~~~~~~~

Thus the insonif ted pressure is I at the origin and falls to a value
of 1/ at a distance of L units from the origin. -

7

— - - - - - • - ,•_~• _ ______L~____,•_~__•____&:_____ _ ___
_ _ _ _ _ , _•_ _ ——- -_~~ ,~~~~ A A - ~~-- _- a ssA-k..4~~ •_ __

~_j~_~.. ~~~~~~~~~



r ~~~~~~~~~~~~~~~~~~~~~~~ — ~~~~~~~~~~~~~~~~~~~~~~~~ • - — - ~~~~~~~~~~~~~~~~~~~~~~ —~
-—----— --- - - —

I
Tech Memo •

No. TA 11—46—71

Let us consider the integral
Co

f d x.ex o (_~~~~~) exp( ~~4c~e z,)
Completing squares or using the analogy of the characteristic function
of a Gau ssian distribution , we obtain

_ _ _

Thus for equation #10, we have -

4~~t~’ exPE~~~~~
(Q

~~~~~÷~~
-i-

~~J
Let us now consider thesecond double integral in equation #13. This

integral is -

T f f c L~(d ~ $a(~ ~
) exp [ (~.-c~)~ -,- c~- ~;) ~JJ

~~(~~p) ex~~[- C f ) ]  
• 

-

Using the results as given in equation #14, we obtain

~ 17- L2- expE - ~~~~~~~~~~ 
~~

p J_  ~~~ I~tL~J 
1~/~

Let us now consider the first double integral of equation #13. 
-

•

• 
- For brevity purposes , let

~~~~ - 
_ _ _ _  

t-= ~~~~~~• q_-

We nov express surface spatt~~ correlation “ “e) in terms of the
directional wave spectrum A ‘ C k,,, k~,) . and 5 are the surface
wave numbers in rectangular coordinates. From Kinsman5

8
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~‘ecc.51 o)~ J.Jd~~ d~~ ~~~~~~~~~~~~~~~~~~~~~~ - •

fIduJ vexp E (~~
u
~-~~v) 3

• ~~~~~~~~~ AtC~X,k~) CO,S C KaCU +k ~
V)

CosCIc,~u + 
ex pE~ Ck~~U~~~~u~’)J 

f e~ pE~~~k + k ~ V) j

f f ’~~~~ k~~A ”C~(x ,k y) -

--

Integrating over u and v and using the relation

where is the Kronecker delta , we obtain

d k1 A~CK~, !c~)(3 ry~E ~~ 
)c~c’) S C&-h +

+ ~(6~~ -k~) ~~~~i -K ~ )7

Integrating on and 5, we obtain

~~~~~~~ ~~~~~~~~~~~~~~~~~~~ + 
~~~~~~~~~~ ~A)J  

-ikj 7

In order to obtain some numerical values of coherence, we will assume
an isotropic sea, that is waves equally likely in all directions. To
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obtain this, let us first state the relation between the directional
wave spectrum in rectangular and polar coordinates.

Then , (See Kinsman) .

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~-

~

Then
- s- ~

• ~~
-÷ r~Y”~ ~~‘c’~4)~J -i- A~J3’7T-t ~a~ - £~~

For an isotropic surface -
~~ A~ (cc)

and

C l~ -~~~ )~~~
Thus , we have evaluated 13 for a general directional wave spectrum

(equation #17) and for an isotropic sea (equation #18) .

For the Neumann—Pierson spectrum

where g is the acceleration of gravity
s is the wind speed.

•

.
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EQUATIONS FOR COMPUTATION

For the reader ’s convenience, let us now collect the equations
• needed for computation. As stated previously, for Gaussian insonifica—

tion and an isotropic sea with a N euma ’in—Pierson spectrum at a point

<
‘
~ ~~~~~~~) 

i~ ~~rL~)’~exp [‘ ~~~~~~~~~ 4- 1’,’ ~~~~~ 
it zo

<~~ A~~~ 
k 1 ri~C~ exr { ~~~~~~~~~~~

~rir r ____________

r~~ V~L ~~~~~~~ ÷~~~ )3/s~ J
where

K1 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
The other terms have been defined previously

Let ‘i ~c’ and consider points 1 and 2 to lie on a circle with the
center at the origin, so that R1.R2. • •

In the cgs system .g—980.665 cm. If a is expressed in knots, then
to change to cm/sec., we must multiply by 185,200/3600. In equation

• #22, c—30,500. If the wind speed is specified, then the mean square
• height of the surface may be obtained. This is

Thus for the Neumann—Pierson spectrum, the mean square height is
proportional to the 5th power of the wind speed. It shpuld be noted
that although we have separated the equation for< ,4~ .)into coherent —

and incoherent components , the computer program will add the two fac-~
tots together with the corresponding constants. To find the complex

11 
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d tee of coherence, it is necessary to ~~~~~~~~~~ ~~~~ and <‘-k ~~~~~~~
is obtained by setting a2 a 1, b2 b1 ann c2—c1. For example

f rom equation #20, we obtain

The computer program for the computation of the complex degree of co-
herence is given in Appendix A.

RESULTS

For our computations6 
we have chosen a frequency of 400 Hz and an

angle of incidence of 45 . The incident and reflected ray ar- coplanar
with the normal to the surface at the origin. One of the reflected
directions was fixed at 9 4 5°. (See Figure #2).

• FLg. 2

The other direction was varied in .1
0 
increments from 41° to 490~ The

wind speed was held fixed for each computer run. In Figure #3, 3
computer runs are shown for wind speeds of 5, 7.5 and 10 knots. As
stated previously, 0 represents the direction of the second reflected
rat. Since the first ray is fixed at 450, when the second ray is at
45 , a complex degree of coherence of0l is obtained, by definition. -

•

All 3 curves are thus correct at 04 5  • All 3 curves show perfect co-
herence for 9 close to 450 and all 3 curves are zero when 9 is *20 from
450, Physically, the ray in the specular direction has a coherent
component which is high at low wind speeds. The coherent component de-

12
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creases as 9 goes further away from the specular direct ion. The co—
herence between the two rays is due to the coherence between the two
coherent components. However , the coherent component is almost 0
when the direction is outside of the beamwidth (EW) of the insonified
region. (See Nuttall and Cron3, Equation #7) For an L—32 ~~~. , such
as chosen In these computations,

BW L~~- degrees 2~. _
~~~/ 74~L Yr 3~~~~~r

Thus the EU is on the order of 20.

As L is increased , the coherent region decreases. It should be
noted that in the farfield , a coherence on the order of a few degrees
may represent a large linear region of coherence along an array . 5
knots represents a smoother surface than 7.5 or 10 knots and thus has
a larger region of coherency.

Some of the parameters associated with the case shown in Fig. 3
are tabulated in Table I.

Speed in 4
Knots in ems

2 .27 .0062 - .000039 •

5 - 2.6 .0617 .0038

7.5 7.28 .1699 .0289 -

•

• 10 14.95 .3488 .1216

15 41.21 .9611 .9503

Note that the wind speed of 15 knots has a that is close to / •

• and therefore does not fall into the category of small roughness.
For a wind speed of 2 knots , the surface is almost like a0smooth
mirror and computation shows a coherence of I from 41 to 490•
It is probably perfectly coherent in all regions.

Fig. 4 represents the case of one position fixed at the non—
• specular direction of ~~~~ For this case it was found that as the

wind speed changed from 2 to 10 knots , the curves did not change much. —

13 -~~~~~~~~~~
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The coherency drops much faster for this case then for the specular
-

• direction. Fig. 5, represents the case of one position being held at
650. Th. difference between the 2 knot case and the 10 knot case is 4
bard to distinguish on the plot . An investigation of the parameters
shows that both curves are dependent on the tails of the surface wave
height spectrum. However, the tails of the wave height spectrum are
very close to one another at high surface frequencies.

CONCLUSION

A model and equations have been obtained fo~c the spetial coherence
in the far—field for a signal reflected from a time varying random sur-
face. Computations and plots of values for specific cases have been

:~i presented . Only the low roughness case has been presented .

Plans are being made to obtain the incoherent component of spa-
tial coherence for arbitrary roughness. The Fresnel region case is
also being considered . In addition to this, experimental data of
elements of an array have been obtained and will be analyzed in the
near future.

- 
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APPEND IX A A-i

• COMPUTER PROGRAM

1* - - PARAMETEK NP OBO ,NP NP+4.,NT NP+1.N1 NP+2,N2 HP+3 - -

REAL X1CN2),Yl(N2),BUFF~~(1OOO0)
• - 3* T~ IMPLICIT DOUtSLE PRECLSIOI4(A—H,0’Z) 

• 
• 4* OIM~.t~SIO~ CO (I~PZ) 

•

- 1 5* 31 PORMAT(506.1,Le9.4,05.0) ••~~~~~• • - ~~~~~ • -

6* 33 FORMAT (iX,6016,8/6016.8/oDl6.8//)
7* - - UEFINE F4(X,Y):SQRT(SQRT~X*X+Y*T))6* SPMT...bO,900

-- • Sp:5i.,D0 ~~ —___

CALL. PLOTS(bUFFER,J.0QO0~ó)11* CALL PLOT(O..O.10O)_ _~~ ••~~~~~~~  _ • ~~~~~~~~~ - -  

1

• 
~~ * CALL PLO1(O”O., 3)

-H j~3* •~~~~~~ CCM 3O.1ê600 , . •~~~~~~~_ •  • •  • 

-

• 

~~ * CFM~3Q5OQ,DO• a~* • - G g c~O,665OQ -• _ •~~~~~~~~~~ - -• - -  - 

16* C~50OU.OO
17*- -- _.C:C*CCM .. _ - - - -- ~~~-—— •— —— - --— -- -——

— j ~~* 
- 

F:i~00,DO
1.9* - ~~~~~~~~~~~~~~~~~~~~~~~~~~ • — — • • - •  — - — - -

~Q* AMOA C/F
- • W~g:2.*P~/AMDA

WN2~WN*WN
- CF:P1/l8O,00  - ••~~~~~~~~~~~~ _ 

• 
-

30 KtAD(3.3L,EN~)z32)TI,HI,T~l.HSL,HS2,SK,pL.
PL PL*C/f -~~~~~~

- 
• ~6* PL2:PL*PL 

6NF~~ .*PL*PL2 _~. . ._ .  - • • ~~~~~~~~~ ••~~~~~~~~ 

~NF~~NF*~NF
-- -- • 5;SK* Lb5~O0, UQ / 360O,DQ_~ - • _ —  —-- -- •- 

52~S*S -

- 31* • 5C~ S / 2 ,*G) • ~~~~~~~~ • • - -  • • •

32* 5C2 5C*SC
-- ~3* - • • - SC4~5C2*5C2 : -  -   •- -- • •--•---—-— - - - - —

SC5 SC’e*SC - 

I 2 ~PI/2. ___

:1 
4 

-

- 8S 1 AVM
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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36* 
- 

SPIO~:SQMT PW2 ) • - -

- - ~~~7* • - - .  VAR~CFM*p1D2*SPW2*3.O0*~C5 •. -

38* SI~~ SQRT (VAR )
39* O~ 26 NT~2 1 e~ P1 • •  • • • • ~~~~~~• .

110* Ts2:t’.TS2*.100+SPMT
Ts2R:T52*CF~~~_ _ _ ~~•~~~_ _ . _ _ _ _

- TIR:TI*CF
• 3* H1R H1*CF~ • --___

44 44* TS1R TSX*CF• ~~~~ HSLR HSI*Cp • • ~~~~~~~~~~~~~~~~~~~~~~~~~ •

446* HS2R:HS2*CF

48* ~I~S1N(TLR)*~1N(HIR)
149* C~~COS(TLR)- - • 

A51:SLN(TSIR)*COS(HS1R) 
- 

• ~J* bSl:SIN(TSLR)*SIN(HS1.R)
bZ* CSL COS(TSXR)
~3* _ • ~~~~• • As2:bIN(TS2R)*CO5(HS~R) • .   • •~~~~~~~~ •~~~~~~~~~~~~~~~~~~ — -

514* b52~SjNC1S2RI*SIN (HS~~)
- 
1,5. 

- - C~2~COS(1S2R) - •-• .-     - .  -S --

Ai=A I+ASI  - 
- 

-

• 
• •  ~7* _ __ _ 6~:b1+B5L — — -- - -

-• 

~d* C 1 C~l+CS1.
- ~9* - A2:A1+AS2     ------ ::-

60* - - aZ:BL+BS2
-
~~~ 61* . .  C2:CL+CS~ •

MS (A 1+A2)/ 2.
63*. _ _

~~ 
a5:(u1+B~)/ z , . ~~~~ - •

644* AKGAL:WN *A J *PL
ARGA2~~N*A2*PI. - • • -

66* ARGbL:WN*BISPL
o7* AKG8~~WN*82*PL -   - •-• • - - - • - - •  -~~

-

• 

ARGL)A WN*PL*(A1.’A2)  -. 
-

• - D9*~~~__ . ARGDb=WN*PL* (L~1—B2) -• ~~~~~~~~~~~ • • •-~~~~~-~~~--———-

70* - •  ARDA2~ ARtj DA*AKGDA

4 
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A—3
I - -

4. -

- 

AA0~~~ AR~D8*AKGDB •

• 

• .
•• • • -

• 

- • • • • • ••

72* SA1:~.XP (—ARGA1*ARGA1/ 2,)
73* - • S81:~XP(~ A RGsS 1*AR~B1/2.) • • •  •~~~~~~~~~  

-
• -

711* SA2~~.XP(.u’ARGA2*ARGA2/2.) • 

- CC~ SAI*SA2*SU1*S82
77* CC:CC*GNF • - • •  - - • - - - • • -~~~• • - - • - • • - • - •-—- —--- -- - —- —-

78* 18 0MEG:SQRT(G*,~N)*F4(A1.,a1)• _49* _ IF(OIl~G)1.9,2Q,j9.. • • • • • • • • • •  ~~~~~~~~~~~~~~ _ • ~~~~~~~~~~~~

19 A~OM=CFM pEXP(u.2,*G*G/(OMt,G*OMEG*S2)) 
A1OM~A1OM/(OMt~G**6) -• - 

*2* CjNF~ sQR i(W N*G)*(PI**3)*pL2*2, -

~ .j* C~ N:CINF*C1*C~ *EXP(_A RDA~ /44,)*EXP(i.ARDB2/44.) --
OMl2:SQRT (G*v~Iv)*F4(AS,8S)

• 8~*~ •• •~• 0M122:0M12**2 - - - • •• •• • •  •

• bb* A I2M:CFI4*EXP(’.2,*6*G/ (0M122*S2))
_ o7~~~~~__ • . Aj2M:AX2M/ (QM12s*6) • 

—

F12:Fie(ASpB5 ) **3 -

• •
89* . 60 T0 21 - -- - -•----—-— 

90* 20 CLN:O.
1 

~- 91* 21. SAI2 SA1*SAI • • _ • ~~~~ - • - - -  • 92* Sb12~SB1*SB1 
-

93* SA22~ SA2*SA2 
944* Sb22=s~2*Sa2 

- - -

9~ * - - C11~5A12*SB12   -

96* Cj1~Cjj*~,NF
- 97* •~~~~~~~~C22:SA22*S82298* C22 C22*UNF - •

99* •. Fl1.~~(F4(M1,B1))**3 _ •~~~ 
-

roo* LF(Fq-(A1,BjflSj,5Q,51 . 
-

101* 51 CI11~ CINF*C1*C1*A 10M/F11 -~~ 
- 

- 

- -

102* GQ TO 52 • 
- 

- 
- -

103* 5O C111~ 0, 
- - - - - •

1.044* 52 QI~EG2 SQKT ( W N*G)*F4(A 2,B2) - .
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A 4

- tub. 2~ OMEG~2:OMEG2*OME62 
-

107* A20M~CFM*EXP( 2.*G*G/(OM~G22*S2))~~~~~~~. 

- 1u~!_  F22~ IF4CA2,b2))**3 ----- -—~

- 

- 

11.0* •
- Cj N C~NsA12M/F12 -

— tL 1~ _~~~~~ _ (I*Y:CC+CZN - - • • •  ~~~~~~ •~~~~~~~~• -

332* CI22 CINF*C2*C2*A2OM/F22 -, -

- • _ _ lLi* - i~O -~~~~~~ 
25 - - 

11.4* 244 C122=O, - 
- - -

U~~~- -.--~- _25 ~XX C11+~Ii1___
_
~~ _~~~~~~__  _ _ _ _ _ _  _______

116* (ITY:C22+C122 
-

- _ C0EN:SQRT(GXX)*S~RT( &Yfl. • • • •  —

. - 
-

118* COH:6XY/CDEN
13.9* oiNTS2 )

~ A8S(COHL _ _ - _ - _ - . - ——- -—--- -• ---- —- - ——-——

8ET~~sN*C1*S.I~i . -

~~T12:WN~*C1*C2*VAR 
—____

-• 1,~2* WKI TL(44, 33)SK ,sIG,BET,8E112.Ts2,COH - -

-

H 1~3~ 26 CONTINUE -  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

00 140 N152 1.NP1 -

Xj (NTS2)

~

NTS2* .1D0+SpMT •~~~~~~  •~~~~~~~~ — - - - - - --—------- —•-- - -— - -  

-

1.26* Y1(NTS2 ):CO(NIS2)  
• ___- • • 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ H
- 1~d* X 3 (N1)~ Sp

- -  - -  Xj (N2) 2. - -~~~~

330* T 1 (f 4) ~~0,
- - -  - 

- 132* CALL. LIN~ (X1,Y1,NT,1,0,0)60 T0 30 ... - - - - 

32 CALL. AXIS(0..0.,I2HTHETA IN DEG, 12,l, .,0.,X 1(N1),X1(N2),10.). • -

13b* • CALL AXIS(0•,0.,~HCOHER CE,~9105.09O.,T1~~1).V1(N2)PtO,) .._~
136* CALL. PLOT(20.,0,, 3)

I 1~7* -  CALL PLOT (O..O,,993) • .   - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

- 138* STOP
1,1~9~  ~~~~~~~

_ •
~~~~ 

•. , -

- l I 
- 

•

$ - 
-

BEST AVAILABLE COP~
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